WEYL CLOSURE OF HYPERGEOMETRIC SYSTEMS 

LAURA FELICIA MATUSEVICH 



ABSTRACT. We show that ^4-hypergeometric systems and Horn hypergeometric systems are 
Weyl closed for very generic parameters. 



1. Introduction 

Let D = D n be the (complex) Weyl algebra, that is, the ring of linear partial differential op- 
erators with polynomial coefficients in variables x±, . . . , x n and d±, . . . , d n , where di stands for 
Write R = C(x) <8>c[x] D for the ring of operators with rational function coefficients. If I 
is a left TJ-ideal, then the Weyl closure of I is 

RI fl D. 

If / equals its Weyl closure, then I is said to be Weyl closed. 

The operation of Weyl closure is an analog of the radical operation in the polynomial ring, 
as the Weyl closure of I is the differential annihilator of the space of germs of holomorphic 
solutions of I at a generic nonsingular point (see Proposition 2.19 in HTsaOOall ). The notion of 
Weyl closure was introduced by Harrison Tsai in HTsaOOall . This work contains an algorithm to 
compute the Weyl closure of a left TJ-ideal, which has been implemented by Anton Leykin and 
Harrison Tsai in the computer algebra system Macaulay2 HM2L Other references are HTsaOObl 
ITsa02L 

The goal of this note is to show that A-hypergeometric systems and Horn hypergeometric sys- 
tems are Weyl closed when the parameters are generic enough. Our main result, Theorem 12.71 
gives a stronger property than Weyl closure for any A-hypergeometric system with very generic 
parameters: such a system is the differential annihilator of a single function. This has practical 
consequences: often we are interested in one specific hypergeometric series F, which we would 
like to study through the differential operators it satisfies. If the series in question is a function 
of m variables, traditional methods will provide m differential equations to form a Horn sys- 
tem that annihilates F, but in general, this system will be strictly contained in the differential 
annihilator. A more modern approach produces an A-hypergeometric system for which F is a 
solution. Theorem |2.7| says that any other differential equation F satisfies will be a consequence 
of these A-hypergeometric ones. There is an analogy to algebraic numbers: if one studies a fi- 
nite extension Q(A) of Q, then having a polynomial with rational coefficients whose root is A 
is useful, but what one really wants is the minimal such polynomial. 
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We illustrate the typical situation in an example. Given a, a' G C\Z, consider the series 

(o) m -2n S m t n 



G(s,t) 



(m,n)eN 2 

where the Pochhammer symbol (a) k is given by 

{a) k 



1=0 



mi 



(m,n)gN 2 



-o)- 1 



la') n - 2m mlnl 



k > 



fc < 



This series converges in a neighborhood of the origin, and it is a hypergeometric series, since 
its coefficients satisfy the following special recurrence relations: 

(-2m + n + a' - l)(-2m + n + a' - 2) 



Cm,n+1 ( 



m 



(m + l)(m — 2n + a) 
2n + a - l)(m - 2n + a - 2) 



c m ,n (n+ i)(—2m + n + a') 

which translate into the following system of differential equations for G: 

[\6 S {6 S -29 t + a-l)- {-26 s + 6 t + a'- l)(-20 a + 9 t + a'- 2)]G(s, t) = 

(1.1) 

[\9 t {-29 s + 9 t + a'-l)- (9 8 - 29 t + a- 1)(9 S -29 t + a- 2)]G(s, t) = 



where 9. 



_9 

' ds 



s-^r and 9t 



'dt- 



Question: Is the above system the differential annihilator of Gl This would mean that any 
differential equation for G can be obtained by taking combinations (with coefficients in the 
Weyl algebra in s, t, Jj, J^) of the equations (ll.lt . 

It turns out that it is simpler to study G, and in particular, determine its differential annihilator, 
if we make a change of variables, as follows. 



Define matrices 



B 



1 

-2 
1 





1 

-2 
1 



.4 



3 




1 

2 3 



The rows of B tell us the factors that appear in the differential equations (ll.lt : these factors are 
obtained by adding appropriate parameters to dot products of rows of B with the vector (9 S , 9 t ). 
The matrix A is chosen so that the columns of B form a basis for its kernel. 



Let 



F(x l ,x 2 ,x 3 ,x A ) 



.o'-l_a-l 



37 n 



2 ' 
.1 2 



x 



a '~ l ~ a f l G(x B ) 



Then F satisfies the following system of differential equations 

[30i + 20 2 + 3 - (2a' + a - 3)}F(x) = 0; [0 2 + 20 3 + 30 4 - (2a + a - 3)]F(x) = 0; 



[did 3 



dl}F{x) 



0; [d 2 d A - dt\F{x) = 0, 
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where di stands for ^- and 9{ = Xidi. The first two differential equations reflect the change of 
variables we applied to G. The last two correspond to the differential equations dl.lt . We call 
this system a Horn system (Definition |3.1t . 

It turns out (by Theorem 12.7b that, in order to get the differential annihilator of F, we need to 
add another equation, namely 

[did* - d 2 d 3 ]F(x) = 0. 
When we do this, we obtain an A-hypergeometric system (Definition l2.lt . 
The A-hypergeometric system is strictly larger than the Horn system. To see this, note that, 

2q' + q-3 2a+a' -3 

as a, a' E C\Z, the Puiseux monomial x x 3 x 4 3 does not equal 1. This monomial is a 
solution of the Horn system, but not of the A-hypergeometric system. On the other hand, by 
Corollary 13 .71 the Horn system itself is also Weyl closed when the parameters are very generic. 

2q'+q-3 2q + a'-3 

This is interesting information. It tells us, for instance, that the function x x 3 x 4 3 cannot 
be obtained from F by analytic continuation, a fact that was already known to Erdelyi HErd.501 . 
although he could not justify it. From our perspective, the reason is simple: any function ob- 
tained from F by analytic continuation must satisfy the same differential equations as F, i.e. it 
has to be a solution of the differential annihilator of F. Thus, if we want to understand the mon- 
odromy of the function F, the differential equations we should study are the A-hypergeometric 
system, and not the smaller Horn system. 

The plan for this article is as follows. In Section |2l we define A-hypergeometric systems, and 
show that they are Weyl closed for very generic parameters (Corollary 12.81) . A key ingredient 
is the existence of fully supported (Definition 12.51 ) convergent power series solutions of A- 
hypergeometric systems HGKZ891 ISSTOOl [QT07H . In Section[3]we introduce Horn systems, and 
again, prove that they are Weyl closed for very generic parameters. The proofs in this section 
rely heavily on results from HDMM06I . 

Acknowledgements. I am very grateful to Harry Tsai, for interesting conversations on the 
subject of Weyl closure, as well as to Mutsumi Saito and Shintaro Kusumoto, who found a 
mistake that has now been corrected. Thanks also to Alicia Dickenstein, Bernd Sturmfels and 
Ezra Miller, who made helpful comments on an earlier version of this manuscript. I especially 
thank the referee, whose thoughtful suggestions have improved this article. 

2. A-HYPERGEOMETRIC SYSTEMS 

We will work in the Weyl algebra D = D n in xi, . . . , x n , d x , . . . , d n , and denote 9j = Xjdj. 

Let A = (ay) be a d x n integer matrix of full rank d, satisfying two conditions on its columns. 
The first is that they Z-span Z d , and the second is that they all lie in an open half space of M. d . 
In particular, A is not allowed to have a zero column. 

Definition 2.1. Given A as above, set 

n 

Ei = ciij9j : i — 1, . . . , d, 

3=1 
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and define the toric ideal to be 

I A = (d u - d v : u, v G N n , Au = Av) C C[d u ...,d n }. 
For (3 G C d the A-hypergeometric system with parameter (3 is the left D-ideal 

H A (f3) = I A + (E-f3)CD, 
where (E — (3) is shorthand for (Ei — fa : % — 1, . . . , d). 

Note that although (E — (3) depends on the matrix A, this is not reflected in the notation. 

A-hypergeometric systems were introduced in the work of Gelfand, Graev, Kapranov and 
Zelevinsky HGGZ871 [GKZ89H . The text USSTOOH emphasizes computational aspects in the the- 
ory of A-hypergeometric equations, and is highly recommended. 

We wish to show that Ha{(3) is Weyl closed for very generic (3. Here, very generic will mean 
"outside a countable locally finite collection of algebraic varieties". The following definition 
gives us a countable family of the hyperplanes that we will need to avoid. 

Definition 2.2. A facet of A is a subset of its columns that is maximal among those minimizing 
nonzero linear functionals on Z d . Denote the columns of A by Cb\ , . . . , CL n . Geometrically, the 
facets of A correspond to the facets of the cone M>oA = {XX=i ^i a i '■ \ e ^>o} Q ~^ d > ai l of 
which contain the origin. For a facet a of A let v a be its primitive support function, the unique 
rational linear form satisfying 

(1) u a (ZA) = Z, 

(2) v a {aj) > for all j G {l,...,n}, 

(3) Vcr(aj) = for all dj G a. 

A parameter vector (3 G C d is A-nonresonant (or simply nonresonant, when it causes no con- 
fusion) if v a ((3) ^ Z for all facets a of A. Note that if (3 is A-nonresonant, then so is (3 + A7 
for any 7 G Z™. 

Nonresonant parameters have nice properties, as is illustrated below. 

Lemma 2.3. Fix a nonresonant parameter (3. IfPdi G Ha{(3), then P G Ha((3 — AeA. 

This is an immediate consequence of the following well known fact, a concise proof of which 
can be found in HDMM06M TLemma 7.10]. 

Theorem 2.4. If (3 is nonresonant, the map D/Ha(P) — > D/Ha{(3 + Ae^) given by right 
multiplication by di is an isomorphism. 

We want to show that an A-hypergeometric system is the differential annihilator of a special 
kind of function, that we define below. 

Definition 2.5. A formal power series tp G C[[xi, . . . ,x n ]} is supported on a translate of a 
lattice L C Z™ if it is of the form x v ^ ugL A u x u . The set {v + u : \ u ^ 0} is called the 
support of (p. If the support of tp is Zariski dense in the Zariski closure ofv + L, then (p is fully 
supported. 
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We can guarantee the existence of fully supported solutions of Ha{(3) if we require that the 
parameters be generic. 

Theorem 2.6. If (3 is generic, then Ha(P) has a holomorphic solution that can be represented 
as a fully supported power series on a translate of the lattice ker z (A). 

Proof. This follows from USSTOOM [Proposition 3.4.4, Lemma 3.4.6] in the case that the toric 
ideal I a is homogeneous in the usual grading of the polynomial ring C[d]. Another proof can 
be found in HGKZ89L When I A is not homogeneous, we use HOT07II TTheorem 2]. □ 

We are now ready to prove the main result in this section. 

Theorem 2.7. If P G D annihilates a fully supported solution f of Ha{(3), and (3 is nonreso- 
nant, then P G Ha{(3). 

Proof. Let / be a fully supported solution of Ha(P), and let P G D such that Pf = 0. 

The Weyl algebra is Z d -graded via deg(x fl d u ) = A{y — If x^d u and x^' d v ' have different 
A-degrees, then x fl d u f and x M d u f have disjoint supports, since / is supported on a translate 
of the lattice kerz(A). Thus, we may assume that P is an A-homogeneous differential operator. 

Moreover, if x^° d v ° is a monomial with nonzero coefficient in P, then Pd^° is homogeneous 
of degree Av° G NA C Z d . By Theorem 12.41 we can find a solution g of H A (P + Ajjf) such 
that d^" g = f. Since / is fully supported, so is g. Finally (3 + Ajj,° is nonresonant. 

Write Pd^° = c ^v^Q v ■ Since this operator is A-homogeneous of degree Av°, we have 
A{y — jf) = Av°, or equivelently, Av = A(/j, + v°), for all /i, v such that c^ u ^ 0. 

Now 



Note that the binomial d u - d^ v ° G I a C H a (J3 + Afi°). Then c^d^)d u ° annihilates 
g, so c^vX^d 1 * annihilates d u ° g, which is a solution of Ha(P + Ajj° — Au°). 

We claim that d u ° g is fully supported. As (3 + Afi° — Av° is nonresonant, right multiplication by 
d v ° is an isomorphism between D/Ha(P + Afi° — Au°) and D / H A {P + A/j, ), whose inverse is 
a differential operator we denote d~ v ° . Then g = d~ v ° (d v ° g) is fully supported, and therefore 
d u ° g is as well. 

As 

j=l k=0 

we can write ^ c^x^d^ = p(9i, . . . , 9 n ) for some polynomial p. Write 

«Gker z (yl) 

where Av = (3 + A/i° - Av° . Then 



uGkerz(yl) 
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so that p(v + u) = whenever \ u ^ 0. But the fact that g is fully supported means that the 
set {v + u : \ u ^ 0} is Zariski-dense in v + ker(A), so p must vanish on all of v + ker(A). 
By the Nullstellensatz, this implies that p(9i, . . . , 9 n ) = c^x^d^ belongs to (E — ((3 + 
Apf - Au°)) C H A ((3 + A\i° - Av°), and so (^c^a;^)^ £ # A (/3 + But then 

£ A"a(/5 + ^A*°). and using Lemmal231 we obtain P £ H A (J3). □ 

Corollary 2.8. If (5 is very generic, then H A (P) is Weyl closed. 

Proof. If we choose j3 generic so that H A ((3) has a fully supported series solution and also 
require j3 to be nonresonant, we fall into the hypotheses of Theorem I2.7[ which implies that 
H A ((3) is a differential annihilator, and therefore Weyl closed. □ 

3. Horn Systems 

In this section, we show that Horn systems are Weyl closed for very generic parameters. 

Let B be an n x m integer matrix of full rank m such that every nonzero element of the Z- 
column span of B is mixed, meaning that each such vector has a strictly positive and a strictly 
negative entry. In particular, the columns of B are mixed. In this case, we can find a matrix A 
as in Section [2] with d = n — m such that AB = 0. 

Definition 3.1. Let B and A be matrices as above. Given u £ Z n , write u + for the vector 
defined by = u { if Ui > 0, and = otherwise. Let w_ = u + — u. The ideal 

1(B) = (d u + - d u - : u is a column of B) C C[<9] 

is called a lattice basis ideal for the lattice Z£? spanned by the columns of B. For any (3 E C d 
the left D-ideal 

H(B,{3) = I(B) + {E-P) CD, 

where (E 1 — /3) corresponds to the Euler operators of the matrix A, is called a Horn system 
with parameter (3. 

Remark 3.2. This is the binomial formulation for Horn systems. For the relation with the clas- 
sical systems of equations introduced by Appell and Horn [ Appl880llHorl889l , see HDMS051 
IDMM061 . 



In order to prove that Horn systems are Weyl closed, we need to describe their solution spaces. 
This requires information about the lattice basis ideal 1(B), namely, its primary decomposition. 
The main references for primary decomposition of binomial ideals in general, and lattice basis 
ideals in particular, are CS961 IFS961 IHSOOl IDMM081 . 

Each of the minimal primes of 1(B) arises, after row and column permutations, from a block 
decomposition of B of the form 



(3.1) 



' N 


Bj] 


M 






where M is a mixed submatrix of B of size q x p for some < q < p < m HHSOOII . (Matrices 
with q = rows are automatically mixed; matrices with q — 1 row are never mixed.) We 
note that not all such decompositions correspond to minimal primes: the matrix M has to 
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satisfy another condition which Hosten and Shapiro call irreducibility HHSOOl Definition 2.2 
and Theorem 2.5]. If 1(B) is a complete intersection, then only square matrices M will appear 
in the block decompositions (13.11) . by a result of Fischer and Shapiro HFS961 . 

Let J be the set of indices of the q rows of M (before permuting) and let J = {1, . . . , n}\ J be 
the index set of Bj (again, before permuting). Denote by Aj the matrix whose columns are the 
columns of A indexed by J. Split the variables x±, . . . , x n and d\, . . . ,d n into two blocks each: 

xj = {xj : j E J} and x 7 = {xj : j £ J}, 
dj = {dj : j G J} and dj = {dj : j £ J}. 

Let sat(ZSj) = QBj n Z J . For each partial character p : sat(ZBj) — > C* extending the trivial 
character on ZBj, the ideal 

J PiJ = I P + (dj :j#J), where I p = (d W j - p(w - w')d? :w,w'e N J , A jW = Ajw'), 

is an associated prime of 1(B). Note that the symbol p here includes the specification of the 
sublatticesat(Z J B J ) C Z J . 

Definition 3.3. (cf. HDMM08H [Definition 4.3, Example 4.10]) If the matrix M is square and 
invertible, the prime J Pi j is called a toral associated prime of 1(B). The corresponding primary 
component of 1(B), denoted by C p j, is called a toral component of 1(B). Associated primes 
and primary components that are not toral are called Andean. 

The primary decomposition of 1(B), and in particular, its toral components, are important to 
the study of Horn systems because of the following fact HDMM06H TTheorem 6.8]. 



®i a Aw for8eneric,3 • 



This implies that, for generic (3, the solution space of H(B, (3) is the direct sum of the solution 
spaces of the systems C P: j + (E — (3), for toral C Pt j. In order to describe these solution spaces, 
we need an explicit expression for the toral components C P) j. 

Fix a toral component C p j coming from a decomposition (13 . 1 b - 

Define a graph Y whose vertices are the points in N J . Two vertices u, u' E N J are connected 
by an edge if u — u' or v! — u is a column of the matrix M. The connected components of the 
graph T are called the M-subgraphs ofN J . If u E N J , call T(u) the M-subgraph that u belongs 
to. Then, by HDMM08II rCorollarv 4.14], 

C p tJ = 1(B) + I PtJ + (8 u j : V(u) is unbounded). 

Let S be a set of representatives of the bounded M -subgraphs of N J . By HDMM06II [Proposition 
7.6], a basis of the space of polynomial solutions of the lattice basis ideal I(M) C C[dj] 
considered as a system of differential equations, consists of polynomials 

Gu — x ^ ^ c v x j ? u ^ 

u+Mv£T(u) 
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where the all the coefficients c v are nonzero. Fix a basis B u of germs of holomorphic solutions 
of I p j + (E — {(3 — Aju)) at a generic nonsingular point, where Aj is the matrix whose columns 
are the columns of A indexed by J. 

By HDMM06II [Theorem 7.13], if j3 is very generic, a basis of the space of germs of holomorphic 
solutions of C P) j + (E — f3) at a generic nonsingular point is given by the functions 

(3.2) F uJ = x u j Yl Cvxf v dj Nv (f) : u e S, f e B u . 

u+Mv&V(u) 

To make sense of the notation dJ Nv (f), we need the following result. 

Lemma 3.4. HDMM061 Lemma 7.10] If j3 is very generic and a £ N J , the map 

D D 

I p ,j + (E — (3) > J~j + (E - ((3 + Aja)) 

given by right multiplication by dj is an isomorphism. Consequently, if 'PdJ belongs to I p ^j + 
(E-(J3 + Aja)), then P £ I pJ + (E - /3). 

The isomorphism from Lemma [3~4l implies that differentiation dj is an isomorphism between 
the solution space of I Pt j + {E — (/3 + Aja)) and the solution space of I p J + (E — (3), whose 
inverse we denote by dj a . This explains the notation dj f from (13.21) . 

Theorem 3.5. Let C Pt j be a toral component of a lattice basis ideal 1(B). If (3 is very generic, 
then C Pj j + (E — (3) is the annihilator of its solution space, and is therefore Weyl closed. 

Proof of Theorem \3~5\ First note that if (3 is very generic, then I p J + [E — j3) is Weyl closed. In 
fact, we may assume that this system has a solution that can be represented as a fully supported 
power series on a translate of kerz(A j), and then I Pi j + (E — (3) is the differential annihilator 
of this function. 

If I p = I Aj , this follows from Theorems 12.61 and l2.7l To adapt those results to more general I p , 
we note that I p is isomorphic to Ia 7 by adequately rescaling the variables dj, j £ J. 

Ifq — # J = 0, then the preceding paragraphs prove Theorem l3.5[ so assume q ^ 0. 

Pick a basis of germs of holomorphic solutions of C Pi j + [E — {3} at a generic nonsingular 
point as in (|3.2I) . We assume that [3 is generic enough that at least one element of B u can be 
represented as a fully supported series on a translate of ker^(A j). 

Let P £ D that annihilates all the functions (l3T2b . We want to show that P £ C p j + (E - (3). 

Write P = Xfj, ; -p )Vi vXjXjdjdj, where all the As are nonzero complex numbers. We may 
assume that all the V appearing in P belong to bounded M- subgraphs. 

We introduce a partial order on the set of bounded M-subgraphs as follows: T(u) < T(u') if 
and only if there exist elements v £ T(u) and v' £ T(u') such that v < v' coordinate- wise. Note 
that if T(u) < r(tt'), then for every v £ T(u) there exists v' £ V[u') such that v < v'. 
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Consider the set {r(77)} of bounded M-subgraphs which have representatives in P, and choose 
a minimal element in this set, and a corresponding term in P, X a: a,~ f ,-x'}x?jdjd'j. 

Now 7 G T(u) for some u G S. Consider one of the functions F u j from (13.21) . We know that 
PF uJ = 0. Also, 

(3.3) Xa^'y^x jX j9jd'jF u j = '~f\X CC) Qi,y,—x jX jd"j f(xj), 

where 7! is the product of the factorials of the coordinates of 7, and 7 = u + Mz. The reason 
that only one term of F u j survives is that the xj monomials appearing in F u j are of the form 
7 + My. If we could find My whose coordinates are all positive, then there would be no 
bounded Af -subgraphs. Therefore, some coordinate of My must be negative, so that applying 
<9j to Xj +My gives zero. 

In order to cancel the term from (13.31) . P must contain a term \ a ^,r,TXjXjdjdj such that dj 
does not kill all the monomials x v j : v G T(u) = T(^y). If r ^ IX7), we would have that 
r(r) < r(7), which contradicts the choice of 7. Thus, r = 7 + My for some y. 

Now, that X a ^^ !T x°jXjdjdjF u j is a multiple of (13.31) . means that 

(3.4) TlAa.a.^xf^^VCxj) = CT\X^ T , T x°jX W jd}d] N{z+y) f(xj) 
for some nonzero c. Therefore Zf = a. 

Assume that r — Ay is coordinate-wise non-negative. (The case when r — Ny has some strictly 
negative coordinates is resolved by multiplying P on the right by a suitable monomial in the 
variables dj, working with a different (albeit still very generic) parameter, and then applying 
Lemma [374]) . 

Then formula (13.41) implies that 

U.X a ^x a jd] - cT\X a ^x°dy Ny ^dj Nz f(xj) = 0. 

Since dJ Nz f(x j) is a (fully supported) solution of I PjJ + (E — (f3 — Aju + AjNz)), we conclude 
that 

(7!A Q ,™Zj<9] - cr\X a ^ T ^jd T j- Ny ) G I P)l7 + (£ - (/3 - Ajix + AjNz)). 

Write 

(7!A a ,s, 7i7 Xj(9] - cf\X a ^^ T Xjdj~ Ny ) = Q + ^2Qjd e j, 
where Q e I p + (E — (ft — Aju + A jNz)). Then 

where QdJ eI p + (E-(J3- A 3 u + AjA^ + Aff)). As 

/3 - Ajm + AjNz + Afy = - Aju + AjNz + Aj(u + Mz) = (3 + A(Nz + Mz) = (3, 
we have Qd) G I p + (E - /3). 
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Define 

Po = 

— \ - _ T a T afilal _i_ \ _ _ T cr T af)Tf)T _ (\ _ _ r j\ _|_ \ _ _\ t <t t <t ff-Ny op 
''a, a, 7,7-*' J J/ j'-' J u J ~ /y a,o-,T,T^ J- J W J W J V &,ct,"/,y L 'ry\ ~ y ^cr,a,T,T j w J u j 



X J 



j£j X J^O U J 



EieJ^jQ^T 3 mod (CftJ + ( E ~ ft) 



since Q<9J E I p + (E — (3) and - d T j- m d T f Mv e 1(B). 

Now consider the operator P — P Q — Yljej x'jQjdJ^^ , which is congruent to P modulo C P) j + 
(E — /?). Note that this eliminates two of the terms in P at the cost of adding terms with strictly 
higher monomials in dj than <9j, and possibly adding a multiple of XjX a jdj~ Ny dj. 

We apply the same treatment to P — P a — X^gj^jQj'^j ^ mat we did to P, and repeat. 
Eventually, this procedure will get rid of all the terms that have dj with T(u) bounded. 

We conclude that P e C pJ + (E - (3) . □ 

We need one more ingredient to prove that Horn systems are Weyl closed. 

Proposition 3.6. If (3 is generic, and C pij j 1 , . . . , C Prt j r are the toral components of the lattice 
basis ideal 1(B), then 

r 

(3.5) p| (C PiiJi + (E - (3)) = 1(B) + (E-P) = H(B, f3). 

8=1 

Proof. The inclusion D follows from the fact that ^ r i= iC Pu j i Z> 1(B). To prove the reverse 
inclusion, let P be an element of the left hand side of (13.51) . 

By the proof of jDMMQll [Theorem 6.8], the natural map 



H(B,0) ^C Pi>Ji + {E-(3) 

is an isomorphism when j3 is generic. Since P belongs to the left hand side of (13.51) . its image 
under this map is zero. Therefore P must be an element of H(B, (3). □ 

Corollary 3.7. For very generic [3, the Horn system H(B, (3) is Weyl closed. 

Proof. For generic j3, Proposition l3.6l says that H(B, (3) is the intersection of the systems C Pt j + 
(E — (3) corresponding to the toral components of 1(B). Each of these is Weyl closed for very 
generic parameters by Theorem 13.51 We finish by noting that the intersection of Weyl closed 
D-ideals is Weyl closed. □ 
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